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Introduction

In this topic, we will

— Review the issues with using analytic formulas with numerical
values

— Look at two formulas that approximate the same value,
but where one is significantly better

— Describe the tools that we will use in this course to come up with
numerical algorithms
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Approximating the derivative

In calculus, you saw the definition of the derivative is

dixf(x) zlimf(x+h)_f(x)

h—0 h




Approximating the derivative

Claim, here is an alternate definition of the derivative:

d I f(x+h)—f(x—h)
a/ ¥)=lim 2h

f(x+h)
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Approximating the derivative

* You could prove the definitions are equivalent mathematically:

f(x+h)—f(x—h)

dix £(x) =lim

h—0 2]1
:limf(x+h)_f(x)+f(x)—f(x—h)

h—0 2h
:llim[f(x+h)_f(x)+f(x)—f(X—h)j

2 h—0 h 2
=llimf(x+h)_f(x)+lhm (x)—f(x—h)

2 =0 h 2 h—0 h

1 d 1 d d
:Eaf(X)‘i‘Eaf(X):af(x)
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Approximating the derivative

Let us approximate the derivative of sin(x)
at x = 1 and see what happens in MATLAB:

>> cos(1) % The correct answer
ans =
0.540302305868140
>> % This is a for loop with 'n'
>> % going from © to 17
>> for n = 0:17
h = 10.0"-n; % h=1.0, 0.1, 0.01,
(sin(1.0 + h) - sin(1.0 - h))/(2.0*h)
end

[av B v oo R oo B oo N e B e I e B e I A I A IR S IR A I A I S B A IR A B oY)

.454648713412841
.539402252169760
.540253300874733
.540302215817690
.540302304967710
.540302305856999
.540302305895857
.540302305673812
.540302308449370
.540302302898255
.540302247387103
.540301137164079
.5402950034933832
.540123501480139
.544009282066327
.555111512312578
.555111512312578



[ssue: this tells us something is happening,
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Approximating the derivative

but not what is happening...

[f we use format hex, we can look at
the individual bits of the approximation

To most clearly see what is going on,
however, it's better to use 4 = 2"

>> format bin
>> for n = 1:53

end

h=2.00-n; % h =0.5, 0.25, 0.125,
(sin(1.0 + h) - sin(1.0))/h

[«v B oo I e I oo I e IR e I S I > I > IR S I S IR S IR S I S I S I S I A I A )

.454648713412841
.539402252169760
.540253300874733
.540302215817690
.540302304967710
.540302305856999
.540302305895857
.540302305673812
.540302308449370
.540302302898255
.540302247387103
.540301137164079
.5402950034933832
.540123501480139
.544009282066327
.555111512312578
.555111512312578
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.01001111111000100110000011000010001101100000100111010

.01101110000110000000110111100001000001101001001111009

.100000000000000000000000000000000000VVVVVRVVVOVVAD
900000000000000000000000000000000000000000000000VV0D

d

)
23 0.01111100100000101110111011000100111010000011100000090
24 0.10000011011111110110111010001101110101110100101110200
25 0.10000110111011011110010010001110111011111011010002000
26 0.10001000101000001111110010011011101000110100001630000
27 0.10001001011110010111100111101010111001011000116900000
28 0.10001001111001010111010000100110110111000100009000000
29 0.10001010000110110110000000010010010001101100090000000
271° 9.10001010001101100101000110111000011001000110200000000
2711 0.10001010010000111100100101110111601011110002000000000
2712 0.10001010010010101000010100010001011101111090000000000
2713 0.1000101001001101111000101100110101010011¢ 300000000000
2714 9.100010100100111110010001101001101110111¢ 9000000000000
2715 0.10001010010100000110100100010010101010¢20000000000000
2716 0.1000101001010000110101001100100001000¢ 200000000000000
2717 0.100010100101000100001010101000110000¢ 20000A0000000000
2718 0.10001010010100010010010110010000011¢ 0000EAAE00000000
271° 0.1000101001010001001100110000011100¢ 00E0EAAE00000000
2720 9.100010100101000100111001110000101¢ 0060AA0600000000000
2-21 9.10001010010100010011110100100000¢ 00060AA0600006000000 . .
2722 0.1000101001010001001111101100111/000000000000000000000 Sin (1 + h) — S1n (1)
2723 0.10001010010100010011111110101070000000000000000000000
2724 0.10001010010100010100000000010(,00000000000000000000000
2725 0.10001010010100010100000001010/000000000000000000000000 }i
272 0.100010100101000101000000011(/0000000000000000000000000
2727 0.10001010010100010100000010(0000000P0000PE000R00000000
2728 0.10001010010100010100000010000000000000000000000000000
272 0.100010100101000101000000(/0000000000000000000000000000
273 0.10001010010100010100000//00000000000000000000000000000
2731 0.1000101001010001010000/000000000000000000000000000000
2732 0.100010100101000101000/0000000000000000000000000000000
2°33 0.10001010010100010100/00000000000000000000000000000000
273 0.10001010010100010106/000000000000000000000000000000000
273 0.100010100101000101/0000000000000000000000000000000000
27% 0.10001010010100011/00000000000000000000000000000000000
237 0.1000101001010001//000000000000000000000000000000000000
2738 0.100010100101001/0000000000000000000000000000000000000
273 0.1000101001010000000000000000000000000000000000000000
2-% 0.1000101001010/000000000000000000000000000000000000000
241 0.100010100101/0000000000000000000000000000000000000000
242 0.10001010011100000000000000000000000000000000000000000
24 0.10001010071-000000000000000000000000000000000000000000
2% 0.100010107100000000000000000000000000000000000000000000
2°% 0.10001010000000000000000000000000000000000000000000000
274 0.1000107000000000000000000000000000000000000000000000
247 0.10001120000000000000000000000000000000000000000000000
2-48 0.10001200000000000000000000000000000000000000000000000
2% 0.10019000000000000000000000000000000000000000000000000
275 0.10090000000000000000000000000000000000000000000000000
2°51 0.1¢J00000000000000000000000000000000000000000000000000 8

)

)
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2-29
2-30
2-31
2-32
2-33
2-34
2-35
2-36
2-37
2-38
2-39
2-40
2-41
2-42
2-43
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1000000000000000000000000000000000000VVVVVVRVVVBVd

o P e O, T

.10000100101000000011001100001000001101110101010016011
.10001000111000011000111001110101000110110010011111119
.10001001111101010001110011000010001001000000010110090
.10001010001110100011010000011001111101010100111012900
.10001010010010110111110100101101011010010110110129000
.10001010010011111100111110100110001000110100111290000
.1000101001010000111001000100011110001111101010€900000
.10001010010100010010100101110000000111101001119000000
.10001010010100010011101010111010010001011001190000000
.10001010010100010011111100001100110011111000900000000
.100010100101000101000000001000010111001000¢ 000000000
.10001010010100010100000001100110100110101190000000000
.1000101001010001010000000111011111100101¢900000000000
.10001010010100010100000001111100001101119000000000000
.10001010010100010100000001111101010011¢ 0000000000000
.1000101001010001010000000111110110010¢ 0000000000000
.10001010010100010100000001111101101030000000000000000
.10001010010100010100000001111101101700000000000000000
.10001010010100010100000001111101107000000000000000000
.10001010010100010100000001111101170000000000000000000
.10001010010100010100000001111101700000000000000000000
.10001010010100010100000001111107.000000000000000000000
.10001010010100010100000001111170000000000000000000000
.10001010010100010100000001111700000000000000000000000
.10001010010100010100000010001000000000000000VVLRCVD
.1000101001010001010000001001/0000000VVOCCVVVVVVVLRRRD
.100010100101000101000000100000000000000C0VVVVVVLRRRD
.10001010010100010100000010000000000000CCVVVVVVVRRRRD
.100010100101000101000000(,0000000000000000000000000000
.10001010010100010100000//00000000000000000000VVBCV0D
.100010100101000101000000000000000000V0CVVVVVVVRBRAD
.100010100101000101000/)00000000000VVLVORCVVVVVVLRRRAD
.1000101001010001010000000000000000VLVBRVVVVVVVRRRAD
.1000101001010001010000000000000000VVVBRVVVVVVLLRRAD
.10001010010100010100000000000000000VVORVVVVVVVRRRAD
.10001010010100010/.00000000000000000000000000000000000
.1000101001010001/)000000000000000000000000000000000000
.10001010010100170000000000000000000000000000000000000
.1000101001010000000000000000000000000000000000000000
.1000101001010)000000000000000000000000000000000000000
.10001010010190000000000000000000000000000000000000000
.10001010011900000000000000000000000000000000000000000
.10001010019000000000000000000000000000000000000000000
.1000101019000000000000000000000000000000000000000V000
.10001012900000000000000000000000000000000VRVVV0VVOD
.10001019000000000000000000000000000000000VRVVV0VVVA0
.10001190000000000000000000000000000000000VRVVV0VVBAD
.1000190000000000000000000000000000000V0VVVRVVVOVVAD
.1001900000000000000000000000000000000V0VVVRVVVOVBAD
.10¢0000000000000000000000000000000000V0VVVRVVVOVVOD
.169000000000000000000000000000000000000VVVRVVV00VVAD
.100000000000000000000000000000000000VVVVVRVVVOVVAD

sin(1+ /) —sin(1- %)

2h




G i N a,, *w'Y':“\E"'CJ, A7 ) \ b, e o = AN g '\‘,':' W \.&’;;."

e

e Ay - SRS T L e GRS AN B 28 e S e
MW N, A R e R S ol T S

et L , Tools for nu _

2-1 .91001111111000100110000011000010001101100000100111010 2-! 0.10000109101000000011001100001000001 i1éié&e1eeiba f ’
272 .01101110000110000000110111100001000001101001001111000 272 0.10001000111000011000111001110101000110110010011111110
2 .01111100100000101110111011000100111010000011100000000 23 0.10001001111101010001110011000010001001000000010110000
24 0.10000011011111110110111010001101110101110100101110000 24 0.10001010001110100011010000011001111101010100111010000
2-° .10000110111011011110010010001110111011111011010000000 2> 0.10001010010010110111110100101101011010010110110100000
26 .10001000101000001111110010011011101000110100001000000 2°° 0.10001010010011111100111110100110001000110100111000000
277 .10001001011110010111100111101010111001011000110000000 27 0.10001010010100001110010001000111100011111010100000000
28 .10001001111001010111010000100110110111000100000000000 28 0.10001010010100010010100101110000000111101001110000000
2-° .10001010000110110110000000010010010001101100000000000 2-° 0.10001010010100010011101010111010010001011001100000000
2710 9.10001010001101100101000110111000011001000110000000000 2-1° 0.10001010010100010011111100001100110011111000000000000
2711 9.10001010010000111100100101110111001011110000000000000 2-11 0.10001010010100010100000000100001011100100000000000000
2712 9.10001010010010101000010100010001011101111000000000000 2-12 0.10001010010100010100000001100110100110101100000000000
2713 9.10001010010011011110001011001101010100110000000000000 213 0.10001010010100010100000001110111111001010000000000000
2714 9.10001010010011111001000110100110111011100000000000000 2-14 0.10001010010100010100000001111100001101110000000000000
2715 9.10001010010100000110100100010010101010000000000000000 2-15 0.10001010010100010100000001111101010011000000000000000
2716 9.10001010010100001101010011001000010000000000000000000 ~2-'16-0+1606101061010661610600006111110110818888C200000000000
2717 9.10001010010100010000101010100011000000000000000000000 = 2-17 0.10001010010100010100000001111161101010000¢ 00000000000
2718 9.10001010010100010010010110010000011000000000000000000 2-1¥ 0.10001010010100010100000001111161101100000000000000000
271° 9.10001010010100010011001100000111000000000000000000000 2-1° 0.10001010010100010100000001111161101000000000000000000
2720 9.10001010010100010011100111000010100000000000000000000 2-2° 0.100010100101000101000000011111601110000000000000000000
2721 9.10001010010100010011110100100000000000000000000000000 221 0.100010100101000101000000011111601100000000000000000000
2722 9.10001010010100010011111011001110000000000000000000000 222 0.10001010010100010100000001111101000000000000000000000
2723 9.10001010010100010011111110101000000000000000000000000 2723 0.10001010010100010100000001111110000000000000000000000
2724 0.100010100101000101000000000100000000000000OLEVVOLE00 2724 9.10001010010100010100000001111100000000000000000000000
2725 0.10001010010100010100000001010000000000000000000000000 2725 0.100010100101000101000000100000000O0VLRVVVRVVRV0R00

2-26 100010100101000101000000011 0090eeeeeeeeeeeeeeeeeeeeee 2-26

.10001010010100010100000010000()00000000000V0VVRRRD  2-27

.10001010010100010100000010000000000000000V0VV0VV0
.1000101001010001010000001000000000000000VVVVV0VV0

.10000000000000000000000000000000000000000000000000000 272
.00000000000000000000000000000000000000000000000000000  2-°>3

.10000000000000000000000000000000000000000000V0VV0
.1000000000000000000000000000000000000000000VV0VVV0
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0

0

0

0

0

0
272 0.100010100101000101000000100000000000000000000000000 228 0.10001010010100010100000010000000EBOEOVLVLVABEBL
22 0.10001010010100010100000000000VPVPPVVVPOVRVRRRRRRY  22° 0.100010100101000101000000PVEOORVPVPOORVPOAEOARO
23 0.1000101001010001010000000000VVPVPOVVVPPVRVPRRRRRRY 2% 0.100010100101000101000000PVEOORVPVPOORVPOAEOARO
2731 9.10001010010100010100000000000VPVPPVVVVOVRVRRRRRRY 231 0.100010100101000101000000PVPOORVRVPOVRVPOAEPAR0
2732 0.10001010010100010100000000000VPVPPVVVVPVRVPRRRRRRY 232 0.100010100101000101000000PVEOOBVPVPOORVPOAEOAR0
2-3 0.10001010010100010100000000000VPVPOVVVVOVRVPRRRRRRY 233 0.100010100101000101000000PVEOORVPVPOORVPOAEOAR0
234 0.1000101001010001010000000000VVPVPOVVVVPVRVRRRRRRY 234 0.100010100101000101000000PVEOORVPVPOORVPOAEOAR
2% 0.10001010010100010100000000000VPVPOVVVVOVRVRRRRRRY  2>° 0.100010100101000101000000PVEOORVPVPOORVPOAEOAR0
2736 0.10001010010100011000000000000000VPVVVVOVRVRPRRRRRRY 236 0.100010100101000101000000PVEOORVPVPOORVPOAEOAR00
237 0.10001010010100010000000000000000VPVVVVPVRVRRRRRRRR 237 0.100010100101000100000000V00POOBVPVPOVBVPOAEPAR00
238 0.1000101001010010000000000000000VVPVVVVPVRVRPRRRRRRY 232 0.100010100101001000000BOOPVEOORVRVPOORVPOAEORB
2% 0.10001010010100000000000000000VPVPPVVVRPVRVRRRRRRY  23° 0.100010100101000V0VPOVBOVRVPPORVRVPOORVPOAEPARR0
2740 0.10001010010100000000000000V0VVPVRPVVOVPOVRVPRRRRRRY 24 0.100010100101000V0VPOVBOVRVBOORVRVPPORVPOAEPARRO
2741 9.10001010010100000000000000V0VVPVVPVVVRPVRVRRRRRRRY 241 0.100010100101000000POVEOVRVEOOBVRVPOORVPOAEPAR0R0
2742 0.1000101001100000000000000000000VVPVVVPPVRVRPRRRRRRY 242 0.100010100110000000000B0VVVBOORVRVPOORVPOREOARR0
274 0.10001010010000000000000000000V0VPPVVVPPVRVRRRRRRRRY 243 0.100010100100000V0VP0VBOVRVVBOORVRVPOVRVOOAEOAR0
274 0.10001010100000000000000000000V0VPPVVOVPPVRVRPRRRRRRY 24 0.100010101000000POVPVVBOVRVVPLOBVRVPOORVPOAEPARO
2745 0.10001010000000000000000000V0VPPVPPVVVRPVRVRRRRRRRY 24> 0.100010100000E0VROVROVBOVRVVBLORVRVPOORVOOREOAR0
2746 0.10001010000000000000000000V0VPPVPPVVVRPVRVRRRRRRRRY 245 0.100010100000E0VROVROVBOARVVBOORVRVEOVRVOOREOARR0
2747 0.10001100000000000000000000V0VVPVPPVVOVRPVRVRRRRRRRR 247 0.100011000000B0VROVROVEOVRVVBOORVRVVEOVRVOOAEPARR0
2748 0.10001000000000000000000V0VVVVVPVRPVVVRPVRVRRRRRRY 2% 0.100010000P00EOVROVROVBOVROVBOORVRVROVRVOOAEORRR0
274 0.10010000000000000000000000VVVVPVRPVVVRPVRVRRRRRRRRY  2*° 0.100100000000BOVROVROVBOVRVVBOORVRVEOORVOOAEPARRO
2-°% 0.100000000000000PVLVVPVPPVVOVPVRPVVVRPVRVRRRRRRRY  2°° 0.100EPVRPVROVBOROVROVBORVVEPORRRVEPORVOOREPORR0
2-°1 0.100000000000000P0VPVVPVRPVVOVVPVRPVVOVRPVRVRRRRRRRY 251 0.100EPVRPVROVBPROVROVBOVRVVEPORNRVEOORAOOEEPARR0 10

0

0
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Tools for numerical algorithms

* This is a phenomena known as subtractive cancellation
— If we subtract two similar floating-point numbers,
the result will have less precision than either operand
sin (1 .001) —sin (1) ~0.8420108663 —0.84147098438
0.001 0.001
0.0005398815 ([} RO
= =0.5398815
0.001

— But we are only store four digits:
sin(1.001)—sin(1)  0.8420-0.8415

0.001 N 0.001
_0:0005 _ 5000
— To get 0.0005399, 0.001

sin(1.001) and sin(1) must be calculated to 7 digits

11



Tools for numerical algorlthms

How do we find numerical algorithms that help us get better
approximations?

— We will introduce, review and explore seven tools that we will

choose from:

1.

=y gne ey L

Weighted averages

[teration

Linear algebra
Interpolation

Taylor series

Bracketing
Intermediate-value theorem

12
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Summary

Following this topic, you now

— Have seen how the binary representation appears to cause issues
with what should be accurate formula

— Know the seven tools we will use in this course
— Understand what we will cover in the next seven topics

13
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Colophon

These slides were prepared using the Cambria typeface. Mathematical equations
use Times New Roman, and source code is presented using Consolas.
Mathematical equations are prepared in MathType by Design Science, Inc.

Examples may be formulated and checked using Maple by Maplesoft, Inc.

The photographs of flowers and a monarch butter appearing on the title slide and
accenting the top of each other slide were taken at the Royal Botanical Gardens in
October of 2017 by Douglas Wilhelm Harder. Please see

https://www.rbg.ca/

for more information.
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Disclaimer

These slides are provided for the ECE 204 Numerical methods
course taught at the University of Waterloo. The material in it
reflects the author’s best judgment in light of the information
available to them at the time of preparation. Any reliance on these
course slides by any party for any other purpose are the
responsibility of such parties. The authors accept no responsibility
for damages, if any, suffered by any party as a result of decisions
made or actions based on these course slides for any other purpose
than that for which it was intended.
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